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Chapter 6 Techniques of An differen a on

6.3 Trigonometric Integrals

Func ons involving trigonometric func ons are useful as they are good at de-
scribing periodic behavior. This sec on describes several techniques for finding
an deriva ves of certain combina ons of trigonometric func ons.

Integrals of the form
∫

sinm x cosn x dx

In learning the technique of Subs tu on, we saw the integral
∫
sin x cos x dx

in Example 143. The integra on was not difficult, and one could easily evaluate
the indefinite integral by le ng u = sin x or by le ng u = cos x. This integral is
easy since the power of both sine and cosine is 1.

Wegeneralize this integral and consider integrals of the form
∫
sinm x cosn x dx,

where m, n are nonnega ve integers. Our strategy for evalua ng these inte-
grals is to use the iden ty cos2 x + sin2 x = 1 to convert high powers of one
trigonometric func on into the other, leaving a single sine or cosine term in the
integrand. We summarize the general technique in the following Key Idea.

.

.

.
Key Idea 11 Integrals Involving Powers of Sine and Cosine

Consider
∫

sinm x cosn x dx, wherem, n are nonnega ve integers.

1. Ifm is odd, thenm = 2k+ 1 for some integer k. Rewrite

sinm x = sin2k+1 x = sin2k x sin x = (sin2 x)k sin x = (1− cos2 x)k sin x.

Then ∫
sinm x cosn x dx =

∫
(1− cos2 x)k sin x cosn x dx = −

∫
(1− u2)kun du,

where u = cos x and du = − sin x dx.

2. If n is odd, then using subs tu ons similar to that outlined above we have∫
sinm x cosn x dx =

∫
um(1− u2)k du,

where u = sin x and du = cos x dx.

3. If bothm and n are even, use the power–reducing iden es

cos2 x =
1+ cos(2x)

2
and sin2 x =

1− cos(2x)
2

to reduce the degree of the integrand. Expand the result and apply the principles
of this Key Idea again.

Notes:
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6.3 Trigonometric Integrals

We prac ce applying Key Idea 11 in the next examples.

.. Example 165 Integra ng powers of sine and cosine

Evaluate
∫

sin5 x cos8 x dx.

S The power of the sine term is odd, so we rewrite sin5 x as

sin5 x = sin4 x sin x = (sin2 x)2 sin x = (1− cos2 x)2 sin x.

Our integral is now
∫
(1− cos2 x)2 cos8 x sin x dx. Let u = cos x, hence du =

− sin x dx. Making the subs tu on and expanding the integrand gives∫
(1−cos2)2 cos8 x sin x dx = −

∫
(1−u2)2u8 du = −

∫ (
1−2u2+u4

)
u8 du = −

∫ (
u8−2u10+u12

)
du.

This final integral is not difficult to evaluate, giving

−
∫ (

u8 − 2u10 + u12
)
du = −1

9
u9 +

2
11

u11 − 1
13

u13 + C

= −1
9
cos9 x+

2
11

cos11 x− 1
13

cos13 x+ C.

..

.. Example 166 ..Integra ng powers of sine and cosine

Evaluate
∫

sin5 x cos9 x dx.

S Thepowers of both the sine and cosine terms are odd, there-
fore we can apply the techniques of Key Idea 11 to either power. We choose to
work with the power of the cosine term since the previous example used the
sine term’s power.

We rewrite cos9 x as

cos9 x = cos8 x cos x

= (cos2 x)4 cos x

= (1− sin2 x)4 cos x

= (1− 4 sin2 x+ 6 sin4 x− 4 sin6 x+ sin8 x) cos x.

We rewrite the integral as∫
sin5 x cos9 x dx =

∫
sin5 x

(
1− 4 sin2 x+ 6 sin4 x− 4 sin6 x+ sin8 x

)
cos x dx.

Notes:
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Figure 6.11: A plot of f(x) and g(x) from
Example 166 and the Technology Note.

Chapter 6 Techniques of An differen a on

Now subs tute and integrate, using u = sin x and du = cos x dx.∫
sin5 x

(
1− 4 sin2 x+ 6 sin4 x− 4 sin6 x+ sin8 x

)
cos x dx =

∫
u5(1− 4u2 + 6u4 − 4u6 + u8) du =

∫ (
u5 − 4u7 + 6u9 − 4u11 + u13

)
du

=
1
6
u6 − 1

2
u8 +

3
5
u10 − 1

3
u12 +

1
14

u14 + C

=
1
6
sin6 x− 1

2
sin8 x+

3
5
sin10 x− 1

3
sin12 x+

1
14

sin14 x+ C
...

Technology Note: The work we are doing here can be a bit tedious, but the
skills it develops (problem solving, algebraic manipula on, etc.) are important.
Nowadays problems of this sort are o en solved using a computer algebra sys-
tem. The powerful programMathema ca® integrates

∫
sin5 x cos9 x dx as

f(x) = −45 cos(2x)
16384

−5 cos(4x)
8192

+
19 cos(6x)
49152

+
cos(8x)
4096

− cos(10x)
81920

− cos(12x)
24576

− cos(14x)
114688

,

which clearly has a different form than our answer in Example 166, which is

g(x) =
1
6
sin6 x− 1

2
sin8 x+

3
5
sin10 x− 1

3
sin12 x+

1
14

sin14 x.

Figure 6.11 shows a graph of f and g; they are clearly not equal. We leave it to
the reader to recognize why both answers are correct.

.. Example 167 ..Integra ng powers of sine and cosine

Evaluate
∫

cos4 x sin2 x dx.

S The powers of sine and cosine are both even, so we employ
the power–reducing formulas and algebra as follows.∫

cos4 x sin2 x dx =
∫ (

1+ cos(2x)
2

)2(1− cos(2x)
2

)
dx

=

∫
1+ 2 cos(2x) + cos2(2x)

4
· 1− cos(2x)

2
dx

=

∫
1
8
(
1+ cos(2x)− cos2(2x)− cos3(2x)

)
dx

The cos(2x) term is easy to integrate, especially with Key Idea 10. The cos2(2x)
term is another trigonometric integral with an even power, requiring the power–
reducing formula again. The cos3(2x) term is a cosine func on with an odd
power, requiring a subs tu on as done before. We integrate each in turn below.

Notes:
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6.3 Trigonometric Integrals

∫
cos(2x) dx =

1
2
sin(2x) + C.

∫
cos2(2x) dx =

∫
1+ cos(4x)

2
dx =

1
2
(
x+

1
4
sin(4x)

)
+ C.

Finally, we rewrite cos3(2x) as

cos3(2x) = cos2(2x) cos(2x) =
(
1− sin2(2x)

)
cos(2x).

Le ng u = sin(2x), we have du = 2 cos(2x) dx, hence∫
cos3(2x) dx =

∫ (
1− sin2(2x)

)
cos(2x) dx

=

∫
1
2
(1− u2) du

=
1
2

(
u− 1

3
u3
)
+ C

=
1
2

(
sin(2x)− 1

3
sin3(2x)

)
+ C

Pu ng all the pieces together, we have∫
cos4 x sin2 x dx =

∫
1
8
(
1+ cos(2x)− cos2(2x)− cos3(2x)

)
dx

=
1
8

[
x+

1
2
sin(2x)− 1

2
(
x+

1
4
sin(4x)

)
− 1

2

(
sin(2x)− 1

3
sin3(2x)

)]
+ C

=
1
8

[1
2
x− 1

8
sin(4x) +

1
6
sin3(2x)

]
+ C

...

The process above was a bit long and tedious, but being able to work a prob-
lem such as this from start to finish is important.

Integrals of the form
∫

sin(mx) sin(nx) dx,
∫

cos(mx) cos(nx) dx,

and
∫

sin(mx) cos(nx) dx.

Func ons that contain products of sines and cosines of differing periods are
important in many applica ons including the analysis of sound waves. Integrals
of the form∫

sin(mx) sin(nx) dx,
∫

cos(mx) cos(nx) dx and
∫

sin(mx) cos(nx) dx

Notes:
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Chapter 6 Techniques of An differen a on

are best approached by first applying the Product to Sum Formulas found in the
back cover of this text, namely

sin(mx) sin(nx) =
1
2

[
cos
(
(m− n)x

)
− cos

(
(m+ n)x

)]
cos(mx) cos(nx) =

1
2

[
cos
(
(m− n)x

)
+ cos

(
(m+ n)x

)]
sin(mx) cos(nx) =

1
2

[
sin
(
(m− n)x

)
+ sin

(
(m+ n)x

)]
.. Example 168 Integra ng products of sin(mx) and cos(nx)

Evaluate
∫

sin(5x) cos(2x) dx.

S The applica on of the formula and subsequent integra on
are straigh orward:∫

sin(5x) cos(2x) dx =
∫

1
2

[
sin(3x) + sin(7x)

]
dx

= −1
6
cos(3x)− 1

14
cos(7x) + C

..

Integrals of the form
∫

tanm x secn x dx.

When evalua ng integrals of the form
∫
sinm x cosn x dx, the Pythagorean

Theorem allowed us to convert even powers of sine into even powers of cosine,
and vise–versa. If, for instance, the power of sine was odd, we pulled out one
sin x and converted the remaining even power of sin x into a func on using pow-
ers of cos x, leading to an easy subs tu on.

The same basic strategy applies to integrals of the form
∫
tanm x secn x dx,

albeit a bit more nuanced. The following three facts will prove useful:

• d
dx (tan x) = sec2 x,

• d
dx (sec x) = sec x tan x , and

• 1+ tan2 x = sec2 x (the Pythagorean Theorem).

If the integrand can be manipulated to separate a sec2 x term with the re-
maining secant power even, or if a sec x tan x term can be separated with the
remaining tan x power even, the Pythagorean Theorem can be employed, lead-
ing to a simple subs tu on. This strategy is outlined in the following Key Idea.

Notes:
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6.3 Trigonometric Integrals

.

.

.
Key Idea 12 Integrals Involving Powers of Tangent and Secant

Consider
∫

tanm x secn x dx, wherem, n are nonnega ve integers.

1. If n is even, then n = 2k for some integer k. Rewrite secn x as

secn x = sec2k x = sec2k−2 x sec2 x = (1+ tan2 x)k−1 sec2 x.

Then ∫
tanm x secn x dx =

∫
tanm x(1+ tan2 x)k−1 sec2 x dx =

∫
um(1+ u2)k−1 du,

where u = tan x and du = sec2 x dx.

2. Ifm is odd, thenm = 2k+ 1 for some integer k. Rewrite tanm x secn x as

tanm x secn x = tan2k+1 x secn x = tan2k x secn−1 x sec x tan x = (sec2 x− 1)k secn−1 x sec x tan x.

Then ∫
tanm x secn x dx =

∫
(sec2 x− 1)k secn−1 x sec x tan x dx =

∫
(u2 − 1)kun−1 du,

where u = sec x and du = sec x tan x dx.

3. If n is odd andm is even, thenm = 2k for some integer k. Convert tanm x to (sec2 x− 1)k. Expand
the new integrand and use Integra on By Parts, with dv = sec2 x dx.

4. Ifm is even and n = 0, rewrite tanm x as

tanm x = tanm−2 x tan2 x = tanm−2 x(sec2 x− 1) = tanm−2 sec2 x− tanm−2 x.

So ∫
tanm x dx =

∫
tanm−2 sec2 x dx︸ ︷︷ ︸
apply rule #1

−
∫

tanm−2 x dx︸ ︷︷ ︸
apply rule #4 again

.

The techniques described in items1 and2of Key Idea 12 are rela vely straight-
forward, but the techniques in items 3 and 4 can be rather tedious. A few exam-
ples will help with these methods.

Notes:
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Chapter 6 Techniques of An differen a on

.. Example 169 Integra ng powers of tangent and secant

Evaluate
∫

tan2 x sec6 x dx.

S Since the power of secant is even, we use rule #1 from Key
Idea 12 and pull out a sec2 x in the integrand. We convert the remaining powers
of secant into powers of tangent.∫

tan2 x sec6 x dx =
∫

tan2 x sec4 x sec2 x dx

=

∫
tan2 x

(
1+ tan2 x

)2 sec2 x dx
Now subs tute, with u = tan x, with du = sec2 x dx.

=

∫
u2
(
1+ u2

)2 du
We leave the integra on and subsequent subs tu on to the reader. The final
answer is

=
1
3
tan3 x+

2
5
tan5 x+

1
7
tan7 x+ C.

..

.. Example 170 ..Integra ng powers of tangent and secant

Evaluate
∫

sec3 x dx.

S We apply rule #3 from Key Idea 12 as the power of secant is
odd and the power of tangent is even (0 is an even number). We use Integra on
by Parts; the rule suggests le ng dv = sec2 x dx, meaning that u = sec x.

u = sec x v = ?

du = ? dv = sec2 x dx
⇒ u = sec x v = tan x

du = sec x tan x dx dv = sec2 x dx

Figure 6.12: Se ng up Integra on by Parts.

Employing Integra on by Parts, we have∫
sec3 x dx =

∫
sec x︸︷︷︸

u

· sec2 x dx︸ ︷︷ ︸
dv

= sec x tan x−
∫

sec x tan2 x dx.

Notes:
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6.3 Trigonometric Integrals

This new integral also requires applying rule #3 of Key Idea 12:

= sec x tan x−
∫

sec x
(
sec2 x− 1

)
dx

= sec x tan x−
∫

sec3 x dx+
∫

sec x dx

= sec x tan x−
∫

sec3 x dx+ ln | sec x+ tan x|

In previous applica ons of Integra on by Parts, we have seen where the original
integral has reappeared in our work. We resolve this by adding

∫
sec3 x dx to

both sides, giving:

2
∫

sec3 x dx = sec x tan x+ ln | sec x+ tan x|∫
sec3 x dx =

1
2

(
sec x tan x+ ln | sec x+ tan x|

)
+ C

...

We give one more example.

.. Example 171 ..Integra ng powers of tangent and secant

Evaluate
∫

tan6 x dx.

S We employ rule #4 of Key Idea 12.∫
tan6 x dx =

∫
tan4 x tan2 x dx

=

∫
tan4 x

(
sec2 x− 1

)
dx

=

∫
tan4 x sec2 x dx−

∫
tan4 x dx

Integrate the first integral with subs tu on, u = tan x; integrate the second by
employing rule #4 again.

=
1
5
tan5 x−

∫
tan2 x tan2 x dx

=
1
5
tan5 x−

∫
tan2 x

(
sec2 x− 1

)
dx

=
1
5
tan5 x−

∫
tan2 x sec2 x dx+

∫
tan2 x dx

Notes:
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Chapter 6 Techniques of An differen a on

Again, use subs tu on for the first integral and rule #4 for the second.

=
1
5
tan5 x− 1

3
tan3 x+

∫ (
sec2 x− 1

)
dx

=
1
5
tan5 x− 1

3
tan3 x+ tan x− x+ C

...

Notes:
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Exercises 6.3
Terms and Concepts

1. T/F:
∫

sin2 x cos2 x dx cannot be evaluated using the tech-

niques described in this sec on since both powers of sin x
and cos x are even.

2. T/F:
∫

sin3 x cos3 x dx cannot be evaluated using the tech-

niques described in this sec on since both powers of sin x
and cos x are odd.

3. T/F: This sec on addresses how to evaluate indefinite inte-

grals such as
∫

sin5 x tan3 x dx.

Problems
In Exercises 4 – 26, evaluate the indefinite integral.

4.
∫

sin x cos4 x dx

5.
∫

sin3 x cos x dx

6.
∫

sin3 x cos2 x dx

7.
∫

sin3 x cos3 x dx

8.
∫

sin6 x cos5 x dx

9.
∫

sin2 x cos7 x dx

10.
∫

sin2 x cos2 x dx

11.
∫

sin(5x) cos(3x) dx

12.
∫

sin(x) cos(2x) dx

13.
∫

sin(3x) sin(7x) dx

14.
∫

sin(πx) sin(2πx) dx

15.
∫

cos(x) cos(2x) dx

16.
∫

cos
(π
2
x
)
cos(πx) dx

17.
∫

tan4 x sec2 x dx

18.
∫

tan2 x sec4 x dx

19.
∫

tan3 x sec4 x dx

20.
∫

tan3 x sec2 x dx

21.
∫

tan3 x sec3 x dx

22.
∫

tan5 x sec5 x dx

23.
∫

tan4 x dx

24.
∫

sec5 x dx

25.
∫

tan2 x sec x dx

26.
∫

tan2 x sec3 x dx

In Exercises 27 – 33, evaluate the definite integral. Note: the
corresponding indefinite integrals appear in the previous set.

27.
∫ π

0
sin x cos4 x dx

28.
∫ π

−π

sin3 x cos x dx

29.
∫ π/2

−π/2
sin2 x cos7 x dx

30.
∫ π/2

0
sin(5x) cos(3x) dx

31.
∫ π/2

−π/2
cos(x) cos(2x) dx

32.
∫ π/4

0
tan4 x sec2 x dx

33.
∫ π/4

−π/4
tan2 x sec4 x dx

285



33. x2
2 + 3x+ ln |x|) + C

35. x3
3 − x2

2 + x− 2 ln |x+ 1|+ C

37. 3
2 x

2 − 8x+ 15 ln |x+ 1|+ C

39.
√
7 tan−1

(
x√
7

)
+ C

41. 14 sin−1
(

x√
5

)
+ C

43. 5
4 sec

−1(|x|/4) + C

45.
tan−1

(
x−1√

7

)
√

7
+ C

47. −3 sin−1 ( 4−x
5

)
+ C

49. − 1
3(x3+3)

+ C

51. −
√
1− x2 + C

53. − 2
3 cos

3
2 (x) + C

55. 7
3 ln |3x+ 2|+ C

57. ln
∣∣x2 + 7x+ 3

∣∣+ C

59. − x2
2 + 2 ln

∣∣x2 − 7x+ 1
∣∣+ 7x+ C

61. tan−1(2x) + C

63. 1
3 sin

−1 ( 3x
4

)
+ C

65. 19
5 tan−1 ( x+6

5

)
− ln

∣∣x2 + 12x+ 61
∣∣+ C

67. x2
2 − 9

2 ln
∣∣x2 + 9

∣∣+ C

69. − tan−1(cos(x)) + C

71. ln | sec x+ tan x|+ C (integrand simplifies to sec x)

73.
√
x2 − 6x+ 8+ C

75. 352/15

77. 1/5

79. π/2

81. π/6

Sec on 6.2

1. T

3. Determining which func ons in the integrand to set equal to “u”
and which to set equal to “dv”.

5. −e−x − xe−x + C

7. −x3 cos x+ 3x2 sin x+ 6x cos x− 6 sin x+ C

9. x3ex − 3x2ex + 6xex − 6ex + C

11. 1/2ex(sin x− cos x) + C

13. 1/13e2x(2 sin(3x)− 3 cos(3x)) + C

15. −1/2 cos2 x+ C

17. x tan−1(2x)− 1
4 ln
∣∣4x2 + 1

∣∣+ C

19.
√
1− x2 + x sin−1 x+ C

21. − x2
4 + 1

2 x
2 ln |x|+ 2x− 2x ln |x|+ C

23. 1
2 x

2 ln
(
x2
)
− x2

2 + C

25. 2x+ x (ln |x|)2 − 2x ln |x|+ C

27. x tan(x) + ln | cos(x)|+ C

29. 2
5 (x− 2)5/2 + 4

3 (x− 2)3/2 + C

31. sec x+ C

33. −x csc x− ln | csc x+ cot x|+ C

35. 2 sin
(√

x
)
− 2

√
x cos

(√
x
)
+ C

37. 2
√
xe

√
x − 2e

√
x + C

39. π

41. 0

43. 1/2

45. 3
4e2 − 5

4e4

47. 1/5
(
eπ + e−π

)
Sec on 6.3

1. F

3. F

5. 1
4 sin

4(x) + C

7. 1
6 cos

6 x− 1
4 cos

4 x+ C

9. − 1
9 sin

9(x) + 3 sin7(x)
7 − 3 sin5(x)

5 +
sin3(x)

3 + C

11. 1
2

(
− 1

8 cos(8x)−
1
2 cos(2x)

)
+ C

13. 1
2

( 1
4 sin(4x)−

1
10 sin(10x)

)
+ C

15. 1
2

(
sin(x) + 1

3 sin(3x)
)
+ C

17. tan5(x)
5 + C

19. tan6(x)
6 +

tan4(x)
4 + C

21. sec5(x)
5 − sec3(x)

3 + C

23. 1
3 tan

3 x− tan x+ x+ C

25. 1
2 (sec x tan x− ln | sec x+ tan x|) + C

27. 2
5

29. 32/315

31. 2/3

33. 16/15

Sec on 6.4

1. backwards

3. (a) tan2 θ + 1 = sec2 θ

(b) 9 sec2 θ.

5. 1
2

(
x
√
x2 + 1+ ln |

√
x2 + 1+ x|

)
+ C

7. 1
2

(
sin−1 x+ x

√
1− x2

)
+ C

9. 1
2 x
√
x2 − 1− 1

2 ln |x+
√
x2 − 1|+ C

11. x
√

x2 + 1/4+ 1
4 ln |2

√
x2 + 1/4+ 2x|+ C =

1
2 x
√
4x2 + 1+ 1

4 ln |
√
4x2 + 1+ 2x|+ C

13. 4
(

1
2 x
√

x2 − 1/16− 1
32 ln |4x+ 4

√
x2 − 1/16|

)
+ C =

1
2 x
√
16x2 − 1− 1

8 ln |4x+
√
16x2 − 1|+ C

15. 3 sin−1
(

x√
7

)
+ C (Trig. Subst. is not needed)

17.
√
x2 − 11−

√
11 sec−1(x/

√
11) + C

19.
√
x2 − 3+ C (Trig. Subst. is not needed)

A.3

Solutions to Odd Exercises
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