May 21 Math 2254 sec 001 Summer 2015

Section 5.5: The Indefinite Integral

New notation for antiderivatives:
If F'(x) = f(x), i.e. Fis any antiderivative of f, we will write

/f(x) dx=F(x)+C

and we'll call [ f(x) dx the indefinite integral of f.
For example:

/2xdx:x2+C, and /costdt:sint+C
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Note:

/ab f(x) dx

is called the "definite integral of f from ato b.” And, it

is a number.
/ f(x) dx

is called an "indefinite integral of 7. And, it is a family
of functions.
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Application

When a living organism dies, the Carbon-14 present in it decays at a
rate proportional to the amount present at the time of death. Letting
the amount of Carbon-14 at time t be denoted by A, the differential

equation
dA

where k is a positive constant models this process. Solve this equation

for a family of functions A(t). Assume that when t = 0, the initial
Carbon-14 mass is Ag.
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Half Life of Carbon-14

We found that A(t) = Age .. It is known that the half-life of Carbon-14

is 5730 years. For t in years, determine the value of k.
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Section 5.6: The Substitution Rule

Definition: Let f be a differentiable function of x. The variable

adx

is called a differential. It is an independent variable. Letting y = f(x),

the differential
dy

is a dependent variable defined by
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Examples: dy < §'tm dy
(a) Given y = sinz(x), express dy in terms of dx.
‘J‘a = A Cosxy Sy

(b) Given u = x® + 2x, express du in terms of dx.

du: (2x+2) dy
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(c) Given u = 3 + 1, express du in terms of dx. |, - \E" +)

du = L dy

L
3

(d) Given v = 68, express dv in terms of dé.

dv= %9}39
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’
/ 2x(x*41)? dx = !
0 3

Evaluate this by letting u = x2 + 1.
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’
/ 2x(x?+1)"0 dx
0

Evaluate this by letting u = x + 1.
Subskitule as bebire
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The Method of Substitution

Theorem: Suppose u = g(x) is a differentiable function, and f is
continuous on the range of g. Then

[ et gax = [ fwdu

This is often refered to as u-substitution.
This is the Chain Rule in reverse!

k=g = du: oal(x\c\x
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Evaluate each Indefinite integral using Substitution as
Needed
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(b) / tsec?(12) dt

- [ ety bk
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A Subtle use of Substitution

Evaluate

/x\/x+1dx by taking u = x+1
du v dx

wrxsy =  x=zwu-l

[xlr & = [ du
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A Subtle use of Substitution

Evaluate

/x\/x+1dx by taking u=+vx+1
2
\

Note that u? = x + 1. W x4l D OXT W
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Some New Antiderivative rules
Use substitution to show that [ tan x dx = In|sec x| + C.
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Some New Antiderivative rules
Use substitution to show that | sec x dx = In|sec x + tan x| + C
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Some New Antiderivative rules

/tanxdx:ln]secxHC, /cotxdx:ln\sinx|+C
/secxdx: In|secx +tanx| + C,

/cscxdx_ —Injecscx +cotx|+ C
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Theorem (Substitution for Definite Integrals)

Suppose g’ is continuous on [a, b] and f is continuous on the range of
u=g(x). Then

g(b)

b
/ f(g(x)) g'(x) dx = / f(u) du
a g(a)
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Evaluate each Definite Integral
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